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SUMMARY

This paper considers the electromagnetic propulsion
of a body radiating directed electromagnetic waves. As the
source of electromagnetic waves, a system consisting of
two electric dipoles is chosen. The electromagnetic propul-
sion this system receives from the surrounding space is
theoretically analyzed and discussed. This propulsion is
related to the near field formed by the dipoles and exhibits
the maximum propulsion at a characteristic dipole spacing.
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1. Introduction

A force is exerted on an object emitting and absorbing
electromagnetic waves. This force is called the “radiation
reaction,” “radiation pressure,” or “photonic force” and has
been known for a long time. In recent years, applications of
the momentum of electromagnetic waves have been studied
extensively due to advances in laser technology [1-10].

The authors have been interested in the propulsion of

an object emitting directed electromagnetic waves by radia-
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tion reaction. An estimate of such an electromagnetic pro-
pulsion can be derived from balance computation of the
macroscopic momentum between the electromagnetic
wave and the object. Hence, the amount of the force applied
to the object including the electromagnetic source can be
derived from the momentum of the radiated electromag-
netic wave. For instance, the reaction imparted to the laser
source received by the emission of light can be estimated
from the energy of the emitted light. It is not necessary to
know the total contribution of each light-emitting atom in
the source or the type of electromagnetic interaction. It is
sufficient to consider the eventual momentum balance in a
macroscopic sense between the source and the emitted
light.

When one step further is taken from the computation
of the macroscopic propulsion and it is instead considered
as the sum of microscopic electromagnetic phenomena in
the object (electromagnetic source), the question arises as
to how these individual electromagnetic phenomena and
the origin of the propulsion are exhibited. To the best of the
authors’ knowledge, there is no analytical study of the
origin of such propulsion. In this paper, this electromag-
netic propulsion is analytically derived in terms of a funda-
mental model and its implications are studied.

Although there are various sources of electromag-
netic waves, one of the fundamental sources is a dipole. In
a system with several electric dipoles or magnetic dipoles,
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a directed electromagnetic wave is radiated due to the
orientation and phase of each dipole. Then, propulsion is
exerted on the system as the reaction to radiation. Such
electromagnetic propulsion is derived from the momentum
of the radiated electromagnetic field that is predominant at
a distance sufficiently far among the electromagnetic field
components generated in the surrounding space by the set
of dipoles. On the other hand, the near fields, such as the
static electric field and the inductive electromagnetic field,
which constitute the remaining electromagnetic field com-
ponents, have not been studied. In the present paper, as the
most fundamental models for the analysis of electromag-
netic propulsion, two types of systems consisting of two
electric dipoles are considered. The results are studied with
emphasis on the near field.

2. Analysis Models

2.1. Two fundamental analysis models

Let us consider dipole pairs consisting of two elec-
tric dipoles P and P, separated by a distance d in a vacuum
as shown in Figs. 1(a) and 1(b). In each system, the two
dipoles have orientations parallel to the z axis. As shown
in the following equations, the magnitudes P(r) and
P(t) undulate with amplitudes of p; and p, at an angular
frequency of ® and have phase difference of
a(0<a<2n):

Py(t)= Pyeior

Py(t) =Pyei@r+a) o
It is assumed that the spreading of the electric charge in
each dipole is sufficiently smaller than 4 and the wave-
length A of the generated electromagnetic wave.

These two models can be considered as among the
most fundamental that can radiate a directed electromag-
netic wave. Hence, they are the most fundamental models
enabling generation of electromagnetic propulsion. When
several dipoles have arbitrary locations and orientations,
propulsion can be obtained from the analysis of these
models. In the following, based on the terminology of
antenna engineering [11], these models are called the CA
(colinear-type array) model [Fig. 1(a)] and the PA (paral-
lel-type array) model [Fig. 1(b)].

2.2. Electromagnetic field formed by two
dipoles

The components of the electromagnetic fields formed
at a certain point P by a dipole P located at the origin are
given by the following equations common to both models:
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Fig. 1. Two basic models for analysis.
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where g, is the permittivity of a vacuum, k is the wave
number of the generated electromagnetic wave, and
k=w/c (c: speed of light in vacuum).

These electromagnetic fields can be divided into
three components. They are the static electric field related
to 1/7°, the inductive electromagnetic field related to 1/7%,
and the radiated electromagnetic field related to 1/r. Of
these components, the radiated electromagnetic field is the
propagating component and is dominant in the region suf-
ficiently away from the source. The remaining two compo-
nents are nonpropagating components effective near the
source.

The electromagnetic field components E,; and
H,(i=x,Yy,z) generated at point P by dipole P, can be
obtained by replacing P(7), r, 0, ¢, with P(), ', 6, ¢'.

The electromagnetic fields E; and H; generated at
point P by the two dipoles P; and P, can be expressed as
the sums of individual components:

Ei=E|+Ey, Hi=H+H,, [(i=x)Y,2] ®3)

From the geometric relationship in Fig. 1, the following
relationships exist in each model between r, 6, ¢ and

Ry
[CA model]
7sin®’ =rsin0
rcos8’ =rcosf -d
o'=9 4)
[PA model]

r'sin®’ cos ¢’ =rsin 6 cos ¢ —d
r’sin@’ sin ¢’ = r sin 6 sin ¢
rcos6’ =rcos6 5)

3. Analysis

3.1. Fundamental equations for
electromagnetic propulsion

The force F exerted on a system placed in an electro-
magnetic field can be expressed as follows in terms of
Maxwell’s stress tensor T and the electromagnetic momen-
tum density g:

F=.[L(T-n ds-—”fgdv ©

where S is the surface area of V, and n is the normal vector
of S. Here, the component 7j; of T and g can be expressed
as follows in terms of the electric field E, the magnetic field
H, the electric flux density D, and the magnetic flux density
B:
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The first term on the right-hand side of Eq. (6) repre-
sents the electromagnetic momentum flowing into V
through S per unit time, while the second term represents
the increment of the electromagnetic momentum in V per
unit time. Hence, the force F may be interpreted as the
electromagnetic momentum that has vanished in V per unit
time.

From the spatial symmetry of the electromagnetic
field in each analysis model, it is considered that a propul-
sion is generated along the z axis in the CA model and along
the x axis in the PA model. Further, let us consider the time
average F; [i = z (CA model), x (PA model)] of the compo-
nent of F in Eq. (6) along the direction of propulsion in
order to derive only the effective propulsion component.

In the steady state of each analysis model, the time
average of the electromagnetic momentum in V is constant.
Hence, the second term on the right-hand side of Eq. (6) is
0. Therefore, the propulsion to be derived is as follows:

_=Jf(i‘-n),ds
J.f (T,,n,+T n, +T n)ds

[i = z{CA model), x (PA modcl)] ®)
where the bar above the symbol indicates the time average.

3.2. Analysis of CA model

Let the spherical surface with a radius r centered at
the origin (dipole P;) be the integration range S. It is
assumed that r is sufficiently larger than the dipole spacing
d and the wavelength A of the generated electromagnetic
field.

The normal vector to this spherical surface is given
by

n= (nx, n,, nz) = [sine cos o, sin 6 sin ¢, cos 9) )

Hence, if the first expressions in Egs. (7) and (9) are applied
to Eq. (8),
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where 11 is the permeability of vacuum.
From the condition of integration range r >>d and
from Eq. (4), the following relationship is derived:

r’=r(1—(—:c059)=r, r—r=dcos 0, 0'=~0 (11)

The above and the condition for the integration range
kr>> 1(r>> X) are applied to Egs. (2) and (3), and then the
results are substituted into Eq. (10). Further, by means of
time averaging, the terms with perturbation in time are
eliminated:

— 2n T
F=- p‘fik“f dguf o
lén’e, Jo o

X <1 + cos (kdcos 0 +<x)} sin’gcos @

12)

From the above, the electromagnetic propulsion in the CA
model can be derived as follows:

= 6 2k .
F,= 47‘59{(414 d) (kd)——coq[kd)>smu 13)

3.3. Analysis of PA model

Let us consider the integration the same as that for
the CA model. From Eq. (8) and the first expression in Eq.
(7) together with Eq. (9), the following is obtained:
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(14)

When the condition r>>d for the integration range is
applied to Eq. (5), the following relationships hold:

r’:r(l—gsinecosw):r, r—r =dsin§cos¢o

0'=0, ¢'=0¢ (15)

34

The above and the condition kr >> 1(r >> L) are applied to
Eqgs. (2) and (3). The results are substituted into Eq. (14)
and the time averaging is taken. Then,

F=- P1P2 k4f d‘PI 46
16n’%,

x {1 +cos (kd sin 6 cos @ + a)} sin8 cos @

(16)

From the above, the electromagnetic propulsion of the PA
model is derived as follows:

—_pmpff 3 2 3k k
Fo= 47(20{(_ = + ¥ )sm (kd) + (d_ - g)cos (kd)} sin o

a7

4. Discussion

ic

4.1. Dep e of electr
propulsion on the spacing between dipoles

From expressions (13) and (17) for the propulsion, it
is found that the magnitude of the propulsion is proportional
to sin o and reaches a maximum when the phase difference
o of the two dipoles is 71/2 or 3n/2. When sin o # 0 and the
wave number k is constant, the variation of the propulsion
versus the dipole spacing d is as shown in Fig. 2. As d
becomes larger, the propulsion decreases toward 0 with
positive and negative undulations. The undulation is due to
the portions related to the phase difference in Egs. (13) and
(17), sin(kd) and cos(kd). Also, the amplitude becomes
smaller in inverse proportion to the power of d. As d
becomes larger, the propulsion approaches 0. This is attrib-
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Fig. 2. Dependence of propulsion on d.




uted to the reduction of the directed radiation component
as the interaction between the two dipoles becomes smaller.

As shown in Fig. 2, the propulsion becomes the
largest for certain characteristic values of the distance
drmax between the dipoles in each model. djy,, can be
derived analytically from Eqs. (13) and (17) and are given
as follows:

[CA model]

From

3
_(demax) + 122demax -0 (18)
5(kdpmax) =12

tan(kdpmax) +

one finds
dpmax =040 (19)
[PA model]
From
2
(kdpmax) — 4 =0 (20)
one obtains
dpman = A=032 @n

On the other hand, there exists a distance dy, where
the propulsion becomes 0. This can be found from the
following that can be obtained from Egs. (13) and (17).

[CA model]
3kdry
kd —=0
tan ( H)) + (kdm)z 3 22)
[PA model]
3kdpy -~ (Kd o)’
tan (kd ) + —Z(‘ﬁmg—z% = @3)

Especially at the limit of d — 0, Egs. (13) and (17)
become 0. This is because the two dipoles behave as though
they are one dipole with an amplitude dependent on the
phase difference o as d approaches 0 so that the directed
radiating component is lost.

4.2. Relationship between electromagnetic
propulsion and radiated power

The electromagnetic propulsion recognized as the
counteraction by radiation is expected to have a relationship
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with the radiated power W of the electromagnetic wave
radiated from the source. Poynting vectors obtained from
Egs. (2) and (3) are surface-integrated over a spherical
surface in the far zone as in the derivation of the propulsion.
If the total radiated power W is derived,

W=J.J' ExH) nds
S( ) 4
the following is obtained for each model.
[CA model]
| P P 2 2
c 1, P .
Wou=s—|5+=+ ——sin(kd) - ——cos(kd) jcosat
cA |3 73 le’z{(kd)g (k) (ka)® s )}
(25)
[PA model]

2 2

ckt|Py Py 1 1. 1

W= |3 5 +p|p2{(— W + E)sm(kd) + Wcos{kd)}cosu
(26)

In Fig. 3, the d dependence of the radiated power with
several values of phase difference o is shown for
p1 =p>=p. The vertical axis is normalized to the radiated
power (p>/4meg)ck®/3 of one dipole with an amplitude of
P

Let us differentiate the radiated powers W, and
Wpy with respect to d so that the increments W¢,, and Wpy,
with respect to d are obtained.

[CA model]

;PP 6 2. 6k
We,=— anz, © k {(? - 7)sm (kd) - 0 (kd)} cos o

27)

[PA model]

. _ PP 3,2 . *_K
WPA=—4_7|20C’({(_E+?)sm(kd)“'(?_? cos (kd) } cos o

(28)
In Egs. (27) and (28), the expression inside the braces has
the same form as that inside the braces in Egs. (13) and (17)
for the propulsion. In the case of cos a # 0, the propulsion
becomes 0 when the increment of the radiated power with
respect to d is 0. When the magnitude of the increment of
the radiated power is maximum (or the inflection point in
Fig. 3), the magnitude of the propulsion becomes the maxi-
mum or a maximum.
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Fig. 3. Relation between radiation power and propulsion (p; = p, = p).

In the case of cos a = 0, the radiated power is
constant regardless of d. Then, the magnitude of the
propulsion exhibits the largest value (sin oo = +1) as a

in the far field region. When d = dp,,, the propulsion
becomes the largest. Then, from Eqgs. (13), (17), (25), and
(26), the propulsion per radiated power becomes the

function of o. While the total radiated power is kept
constant, only the radiation pattern changes so that the d
dependence of the propulsion occurs. Figure 4 shows an
example of the radiation pattern (electric field intensity)

largest for p; = p,. For cos o = 0, d = dp,y and p; = py,
the magnitude of the propulsion for 1 W of radiated
power becomes 1.04 nN in the CA model and 1.68 nN in
the PA model.
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Fig. 4. Radiation pattern (field pattern) (p; = p,, o = n/2).




4.3. Interpretation of electromagnetic
propulsion

The expressions (13) and (17) for the propulsion have
a form in which the term k“™/d"(n = 1 ~ 4) is multiplied
by sin(kd), cos(kd), and sin o, related to the phase differ-
ence. In particular, the term of 1/d” has the form of a product
with sin(kd)sin o, related to the phase of the Coulomb force
(p1p2/4meg)(6/d*) (CA model) or —(pip,/4neg)(3/d*) (PA
model).

These forms can be explained by the dipole as the
acting point of the force and the propagation delay of the
electromagnetic wave formed by the facing dipole. Let us
consider the CA model by using Fig. 5. In the CA model,
the dipole as the acting point of the force is located on the
z axis. Also, from Eq. (2), only the z component of the
electric field exists on the z axis. Further, of the z component
of the electric field, only the near field, that is, the static
electric field and inductive electromagnetic field, exists.
The electric field formed by the dipole P, at a certain point
on the z axis is expressed by Ey(r', ) as a function of
distance /' from P, and time z. Then, the electric field
E(r', t)is proportional to P(t — r'/c) as shown below. This
¥ /c is the propagation delay time of the electromagnetic
wave from P, to the point at distance r':

4
. Pz(‘— *) .
B, ,)=_"z('>e—w{i+zf.k}=7f {zg}
r

4ne, o2 4me,
(29)
Here, let us assume that the internal structure of the dipole
P,(n=1,2) consists of a positive and a negative charge

e

Fy(t) o< Py(t) P(t-d/c)

@)

Fa(t) oc Py(t-d/c) Py(t)

separated by an infinitesimal distance [(I <<d, kl << 1).
Then, P,(f) is given as follows:

P()=Qyf1)1 (n=1,2) (30)

From Egs. (29) and (30), the force F(?) that the dipole
P, receives from the electric field Ey(r, f) at time ¢ can be
derived as follows:

F)=0i(1) Ez{d— L ;) -0y Ez(d+%, r)

e £ DL 3D

d
=Pl(’)Pz(f"E} {_(3_+6jk 21(1}
F(?) is proportional to Py(t)P,(t — d/c). [See Fig. 5(a).]
Similarly, the magnitude of the force F,(f) that the
dipole P, receives is proportional to Py(t —d/c)P,(t) [as
seen in Fig. 5(b)] and is given by the following:

Fy(t)=0y(1) E,(d + % t) -0Qi1) E,(d— é r)

d
rle-&)rie) {_i L8k &2} 32)

4ngo &

The force F,,(t) working on the system consisting of two
dipoles is obtained as the sum of F(f) and F,(f). [See Fig.
5 (c).] This is obtained as follows:

Flotal (t)

" @ Falt)

Fi(t)
P

Fuo(t) = F1(t) + Fa(t)

©

Fig. 5. An explanation of electromagnetic propulsion (CA model). (a) Force F(¢) acting on P; in electric field E,. The
concentric circle shows electric field E, caused by P,. (b) Force F,(7) acting on P, in electric field E|. (c) Force F,(f)
acting on the two-dipole system which is given by total of F(¢) and F,(¢). See text for further details.

Fronai()
=F()+F,()

PP (6 2. 6k .
=T, (?—F)SIn(kd)-?cos(kd) sino 33)

This result is identical to Eq. (13). At each dipole as an
acting point of the force, the magnitude of the forces at the
same instant is the difference due to propagation delay of
the electromagnetic waves generated by the opposing di-
poles, and the difference constitutes propulsion.

From the calculation process of Egs. (31), (32), and
(33), it is found that the first term (1/d*) on the right-hand
side of Eq. (13) is caused by the static field, the second term
(K*/d?) by the inductive electromagnetic field, and the third
term (k/d3) by the static electric field and the inductive
electromagnetic field. In the CA model, only the near field
becomes a source of propulsion.

Details are described above for the CA model. For the
PA model, Eq. (17) can be derived from a similar analysis.
The first term on the right-hand side of Eq. (17) is caused
by the static electric field, the second term by the inductive
electromagnetic field and the radiated electromagnetic
field, the third term by the inductive electromagnetic field,
and the fourth term by the radiated electromagnetic field.

In each model, the near field contributes to the pro-
pulsion. The electromagnetic momentum corresponding to
the propulsion is finally carried away by the radiated elec-
tromagnetic field and is recognized as directed electromag-
netic radiation.

5. Conclusions

In regard to two types of systems made of two dipoles
(CA model and PA model), the electromagnetic propulsion
generated in these systems was analyzed and studied.

The origin of the propulsion is related to the near
fields, such as the static electric field and the inductive
electromagnetic field. The electromagnetic momentum
flow corresponding to the propulsion travels a far distance
through the radiated electromagnetic field.
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Even for directed electromagnetic radiation, the near
field is related to the origin. This finding can provide a clue
to the construction of a physical image for conversion of
evanescent light to propagating light between a probe and
a sample, as reported for the near-field optical microscope
[9, 10, 12].

In the future, it is planned to attempt a representation
of the electromagnetic propulsion in a more general model.
By using these analytical results, specific applications to
near-field optics and micromachines are possible.
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